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—— Abstract

A linear constraint loop is specified by a system of linear inequalities that define the relation between
the values of the program variables before and after a single execution of the loop body. In this
paper we consider the problem of determining whether such a loop terminates, i.e., whether all
maximal executions are finite, regardless of how the loop is initialised and how the non-determinism
in the loop body is resolved. We focus on the variant of the termination problem in which the loop
variables range over R. Our main result is that the termination problem is decidable over the reals
in dimension 2. A more abstract formulation of our main result is that it is decidable whether a
binary relation on R? that is given as a conjunction of linear constraints is well-founded.

2012 ACM Subject Classification F.3.1

Keywords and phrases Linear Constraints Loops, Minkowski-Weyl, Convex Sets, Asymptotic
Expansions

Digital Object Identifier 10.4230/LIPIcs.ICALP.2024.156

Funding FEngel Lefaucheuz: ANR BisoUS (ANR-22-CE48-0012)

1 Introduction

The problem of deciding loop termination is of fundamental importance in software verification.
Deciding termination is already challenging for very simple classes of programs. One such
class consists of linear constraint loops. These are single-path loops in which both the loop
guard and the loop update are given by conjunctions of linear inequalities over the program
variables. Such a loop can be written as follows, where B, A are matrices of rational numbers,
a, b are vectors of rational numbers, and «, ' represent the respective values of the program
variables before and after the loop update:

P : while (Bx >b)do A(%,) > a,

Such loops are inherently non-deterministic, since the effect of the loop body is described
by a collection of constraints. Note in passing that the loop guard can folded into the
constraints that describe the loop body and so, without loss of generality, the guard can
be assumed to be trivial. Linear constraint loops naturally arise as abstractions of other
programs. For example, linear constraints can be used to model size changes in program
variables, data structures, or terms in a logic program (see, e.g. [8]).

A linear constraint loop is said to terminate if there is no initial value of the loop variables
from which the loop has an infinite execution. The Termination Problem asks to decide
© Quentin Guilmant, Engel Lefaucheux, Joél Ouaknine and James Worrell;
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whether a given loop terminates. As such, the Termination Problem depends on the numerical
domain that the program variables range over: typically one considers either Z, Q, or R.

One approach to proving termination of linear constraint loops involves synthesizing linear
ranking functions [2]. However, it is well-known that there are loops that terminate that
admit no linear ranking function. In the special case of deterministic linear constraint loops
(i.e., where the loop body applies an affine function to the program variables) decidability of
termination over R was shown by Tiwari [9], decidability of termination over Q was shown by
Braverman [5], and decidability of termination over Z was established in [6].! All three papers
build on an analysis of the spectrum of the matrix that determines the update function in
the loop body. To the best of our knowledge, decidability of termination of linear constraint
loops over R, Q, and Z remains open. It is known however that termination for multi-path
constraint loops is undecidable (i.e., where disjunctions are allowed in the linear constraints
that define the update map). It is moreover known that termination of single-path constraint
loops is undecidable if irrational constants are allowed in the constraints [3]. One of the
few known positive results is the restricted case that all the constraints are octagonal, in
which case termination is decidable over integers [4]. (Recall that a constraint is said to be
octagonal if it is a conjunction of propositions of the form +x; + x; < a, for variables x;, x;
and constant a € Z.)

In this paper we study the termination of linear constraint loops over the reals in dimension
at most 2. We give a sufficient and necessary condition that such a loop be non-terminating
in the form of a witness of non-termination. This is given in Definition 1. Here one should
think of K as the transition relation of a linear constraint loop, while rec(K) is the recession
cone of K, i.e., the set of vectors v such that w+ Av € K for all w € K and A > 0. The
witness of non-termination is essentially a finite representation of an infinite execution of the
loop in the spirit of the geometric non-termination arguments of [7] and the recurrent sets

of [1].

» Definition 1. Let E be a Euclidean space. Let K C E? be a convex set. A witness W(K)
consists of a linear map M : E — E, a closed cone C C E, and v,w € E, such that

(3ul) MC CC

(Fu2) Yz e C (x, Mz) € rec(K)

(Fud) (v,w) € K

(Fud) w—veC.

If E has dimension at most 2 and K is a polyhedron, then the existence of such a witness
can be expressed in the theory of real closed fields. (The restriction to dimension 2 entails
that every cone is generated by a most 3 vectors, whereas there is no such upper bound in
dimension 3.) Thus we obtain a polynomial-time reduction of the Termination Problem for
constraint loops to the decision problem for the theory of real closed fields with a bounded
number of quantifier, which is decidable in polynomial space.

The following is our main result, which characterises non-termination in terms of the
above notion of witness. We refer to Section 2.3 for the notion of MW-convex set, suffice
to say here that this class includes all polyhedra and that main property of MW-convex
sets used in the proof is that for every linear projection m and MW-convex set K we have
m(rec(K)) = rec(m(K)). Further background about convex sets is contained in Section 2.2.

! These works in fact consider loop guards that feature a mix of strict and non-strict inequalities, whereas
in the present paper we consider only non-strict inequalities.



Q. Guilmant, E. Lefaucheux, J. Ouaknine and J. Worrell

» Theorem 2. Let E be a Euclidean space of dimension at most 2. Let K C E? be MW-
convex. There is a sequence (up),cy € EV such that (uy,uny1) € K for all n € N if and
only if there exists a witness W(K).

2 Preliminaries

2.1 Key notations

In this very short section, we introduce the notation we will use for the entire paper.

Some sets We put an * on sets to remove 0 from this sets. Namely, R* = R\ {0},
N* = N\ {0} and so on. R, stand for all non-negative real numbers and R’ for all the
positive real numbers. Also, for n,m € N such that n < m, we let [n ; m] be the set of
integer in between n and m inclusively, namely [n ; m] ={n,n+1,...,m}.

Landau Notations We use the Landau notations. Let d € N*. Let ||-|| be any norm over
R? (they are equivalent anyway). Let v : N — R? w : N — R? and v : N — R be sequences.
We then have the following notations:

Up = 0 (vn) when for all € € RY there is some N € N such that for all n > N, we
n—+oo
have |lun|| < elvn].
Uy = q (vn) when there is some M € R* and some some N € N such that for all
n—+oo
n > N, we have |u,|| < M|vy,|.
Uy = Q+ (vn) when there is some M € R* and some some N € N such that for all
n—+oo
n > N, we have |u,|| > M|vy,|.
Up ~ Wy ifu,—wy,= 0 (|lwnl).
n—+o0o n—+o0o
Upn=wp+ 0o (vp)ifu,—w,= o0 (vp).
n—+oo n—+oo
Uupn=wp+ O (vp)ifu,—w,= 0O (vp).
n—+oo n—-+o0o

We keep the same notations if the sequences are undefined at a finite number of points
in N,
2.2 Convex Sets

Throughout this section E is an arbitrary Euclidean space.
These results are already known but for the sake of completeness, some proof are written
here anyway.

» Definition 3. Let S C E. The affine hull of S, denoted AffHull(S), the convex hull
of S, denoted ConvHull(S), and the vector space spanned by S, denoted Vect(S), are
defined by

k k
AffHull(S) = {Zaixi | a; R x; € S,Zai = 1}
i=1 i=1
k k
ConvHull(S) = {Z oz | oy € [0;1),2; € S,Zai = 1}
i=1

i=1
k
Vect(S) = {Zaixi | a; e R z; € S}

i=1

156:3
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» Definition 4. Let K C E be a convex set. The relative interior of K, denoted ri(K), is
defined by:

ri(lK)={xze K| U € OE),(xcU)NUnAffHull(K) C K)}
where O(E) stands for the set of open subsets of E.

In other words, the relative interior of a convex set C' is its interior with respect to the
induced topology on the affine subspace spanned by C.
We have the following properties for the relative interior:

» Proposition 5. Let K C E be a non-empty convex set. Denoting as usual by K the
smallest closed subset of E containing K, we have:
(i) ri(K) is a non-empty convex set
(i) ri(K) CK CK
(iii) AffHull(ri(K)) = AffHull(K)
(iv) ri(K) = ri(K)

(v) fi(K) =K

» Proposition 6. Let K be a non-empty convex set and x,y such that v € ri(K) and
y € K\ ri(K). Then for all X € (0;1] we have Az + (1 — Ny € ri(K).

» Definition 7. Let K C E be a non-empty convex set. The recession cone of K, denoted
rec(K), is the setrec(K)={z€ EF | K+ Ryz C K}.

Note that we always have 0 € rec(K). Also, the recession cone is indeed a cone, as it is
stable under positive scalar multiplication by definition.

» Lemma 8. Let K C FE be a convex set. Let m : E — E be a linear projection. Then
m(rec(K)) C rec(m(K)).

Proof. Let x € 7 (rec(K)). There is y € Ker w such that x + y € rec(K). Let a € 7(K) and
b € Kerm such that a +b € K. Then,

VA e Ry (a+b)+ANz+y)eK

Hence, VA e Ry a+ Az € m(K)

and x € rec(n(K))
D |

If K is closed, we even have an alternative characterization of the recession cone which
requires a seemingly weaker property but that turns out to be equivalent.

» Proposition 9. Let K C E be a non-empty closed convex set. Then
rec(K)={z€E| JreK z+RizCK}

Proof. We proceed by double inclusion.
This direction is easy : if for all x € K, x + Ry z C K, since K # &, there is at least one
x such that ¢ + Ry z C K.
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@ Let z € R? such that there is some z € K such that = + Riz C K. Let y € K. We have
to show that for any ¢ty € R, y + toz € K. Note that, by convexity, for all A € [0;1],

for all t € Ry we have
1I-=Ny+MNe+tz)e K

[to;+00) — [0;1]
We then define the function A : ’ = to
t
hence Yt > to I=X®)y+At)z+toze K
We also have (1 —=A®)y+ A(t)x + toz Yt toz

Since K is closed, we then deduce that for all y +tpz € K. Since this holds for any y € K
and any to € Ry we end up with z € rec(K).
<

When considering a closed convex set, we can look at its relative interior to get the same
recession cone.

» Proposition 10. Let K C E be a non-empty closed convex set. Then rec(K) = rec(ri(K)).

Proof. We proceed by double inclusion.

@ Let v € rec(K). Let z € ri(K). In particular, z € K. By definition, for any A € R,
r+MweK. Let S={AeR; | o+ v e K\r1i(K)}. We just have to show that S = &.
Assume S # @ and consider p € S. Let A > p. Note that

x4 pv = (1—%)&0—1—%(:10—1—)\1))

We have two cases :
A € S, in this case, using Proposition 6, since z € ri(K) and = + Av € K \ ri(K), we
have x 4+ pv € ri K, which is a contradiction.
A ¢ S, since, by Proposition 5, ri(K) is convex, x € ri(K) and = + \v € ri(K), we
again reach x + pv € ri(K), a contradiction.

Both cases are impossible. Therefore, S = &.

@ Let v € rec(ri(K)). By Proposition 5, there is some z € ri(K). Therefore, for all A € R,
x4+ M €ri(K) C K. By Proposition 9, we get that v € rec(K).

<

» Remark 11. Note that if K is not closed we have, thanks to Proposition 5, rec(K) =
rec(ri(K)) but we may have rec(K) # rec(ri(K)).

» Lemma 12. Let C be a closed convex cone in E. Let u: E — E be linear. Then u(C') is
a closed convez cone.

Proof. By definition of a cone,
C={0tUR{zeC]| [z =1}

Since C is closed, {x € C' | ||z|| = 1} is bounded and closed in a vector space of finite

dimension, hence it is compact. By linearity of u,
u(C) = {0} URu({z € C | [laf] = 1})

Since w is linear over a vector space of finite dimension, it is continuous. Thus, the set
u({x € C| ||z|]| = 1}) is also compact, hence closed. The continuity of the norm ensures
that u(C) is closed. By linearity of u, we also get that u(C) is a convex cone. <

ICALP 2024
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» Lemma 13. Let C be a non-trivial convex cone in E. Let x € ri(C) \ {0} and u € Vect(C).
Then there is A > 0 such that u+ \x € C.

Proof. If x = u then A = 0 works. We then assume x # u. Since u € Vect(C), there is
pwe€(0;1) pu+ (1 — p)z €ri(C). Therefore, for any X € Ry, A (uu + (1 — p)z) € ri(C). In

particular, for A = — (which exists since u # 0),

u+ Pre ri(C)

and we indeed have — H > 0. |

2.3 Minkowski-Weyl Convex Sets

» Definition 14. A closed convex set K is said to be M W-convex if there is a compact
convez set K' such that K = K' 4 rec(K).

This property comes from the Minkowski-Weyl Theorem for polyhedra :

» Theorem 15 (Minkowski-Weyl). Let K C R?. The following statements are equivalent:
(i) K ={z € R?| Az < b} for some matriz A € R"*% and b € R™.
(ii) There are finitely many points x1,...xx, € P and finitely many directions v,..., v,
such that

p
K = ConvHull({z1,...,2x}) + Y _Ryv;
1=1

Needing this property, we will assume that the sets K we consider are MW-convex. Note
that, among others, polyhedrons are MW-convex, and thus our results apply to a more
general class of sets.

One of the main benefits of MW-convex sets is that they behave very nicely with linear
projections. Unlike other convex sets, the projections “commute” with the operator rec,
giving a reciprocal to Lemma 8.

» Lemma 16. Let K C R? be MW-convex. Let 7 be a linear projection over R*. We have
rec(n(K)) C w(rec(K)).

Proof. Let z € rec(n(K)). If £ = 0 then we immediately have z € 7(rec(K)). Therefore, we
may assume x # 0. For a € 7(K), we have a + Ryz C 7(K). Thus,

YAe Ry 3Ib(N) € Kerm a+ iz +b(\) e K

Let K’ convex compact such that K = K’ + rec(K)
Therefore, for all A € Ry there are a’(X) € n(K’) and z'(\) € m(rec(K)) such that

a+ Az =ad(\)+2'(\)

Since a/(\) € 7(K') and that w(K’) is compact (as the continuous image of a compact),
there is o’ € 7(K') and an increasing sequence (M), oy that tends to infinity such that

/ /
a(\,) — a
n—+oo

Thus Az —2'(N\,) — d —a
n—+oo
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' (An) a—a
We then get that N, T+ . + NI v

and

— X
Ap  n—too

!/
Also xg\ n) € m(rec(K)). Moreover, using Lemma 12, 7(rec(K)) is closed. Hence, we

have x € w(rec(K)) what concludes the proof.
<

The converse inclusion is true for general convex sets (Lemma 8 in the appendices).
Combining this to Lemma 16, we have:

» Corollary 17. Let K C RY be MW-conver. Let m be a linear projection over R?. We have
rec(m(K)) = w(rec(K)).

» Corollary 18. Let K C R? be MW-convex. Let 7 : R — R? be a linear projection. Then
w(K) is MW-convez.

Proof. We write K = K’ + rec(K) where K’ is a convex compact set. Hence, since 7
is continuous (linear in a finite dimensional space), m(K’) is also compact. Moreover, by
linearity of m, we get that
m(K) =n(K') + n(rec(K))
By Lemma 12, 7(rec(K)) is a closed convex cone. Hence, m(K) is closed convex as a sum
of closed convex sets. By Corollary 17, we get

7(K) = m(K') 4 rec(n(K))

2.4 Accumulation Expansions

We consider an arbitrary Euclidean space E of dimension d € N. We denote (-, -) its scalar
product and ||-|| the associated norm.

To study the sequences of the constraint loop problem, we need to identify the asymptotic
directions these sequences are going towards, building a form of asymptotic expansion of
those sequences. We thus introduce the concept of accumulation expansion. As sequences
may point in several directions, we consider the expansion of a subsequence that has a single
main direction.

» Definition 19. Let (u,), .y be a sequence of E. An accumulation expansion of
(Un) ey consists in an increasing function ¢ : N — N, an integer p € [0 ; d], some vectors
21,5 Zpr1 € B and sequences (g ), oy for k € [1 5 p] such that

(AE1) Vk € [1; p] l[2k]l =1

(AE2) VE, k' €1 ; p] (g, 210 ) = {

(AE3) VK€ 15 p]  (skozpis) = O
(AE4) Vk € [1; p] VneN o >0
(AE5) Vk € [1; p] O —> +00

n—+oo

1 ifk=k
0 ifk#K

(AE6) Vm € [1; p] O ~

" n—+oo

(AE7) Vke[1; p—1] Qks1n= 0 (agn)

n—+oo

m—1
Hud)(n) - Z Ak nZk

ICALP 2024
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(AE8) Vn e N V<mel[l; p] <zz,u¢(n) - Zak,nzk> =0
k=1

P
(AE9) wymy = X annzi+ zpr1+ o (1)
p
Abusing notations, we will say that wym) = Y Qg n2k + Zpy1 + o (1) is an accumulation
k=1 n—+oo

expansion of (un), cy-

» Definition 20. Let u = (uy,)
of u is defined by

nen be a sequence of E. The set D, of principal directions

P
U = Qp.n 2k + 2 + o 1) is an accumulation expansion
D,=d.cp| " k; knzh T 2p+ o (1) P

p>1 and 2=

In other words, D, is the set of directions that are in the dominant position of some
accumulation expansion of u such that p > 1. It also corresponds to the dominant directions
of an unbounded sequence.

For z € E \ {0} we denote T = —_ the associated normalized vector.

[l

» Lemma 21. Let (uy),cy be an unbounded sequence of E. There exist z € E a unit vector,
an increasing function ¢ : N — N and a sequence (o), oy such that
Vn eN a, >0

a, —r +00
n—+oo

an o~ el
n?’L—>+OO w(n)

Up(n) = a2+ 0 (an)

1

Vn € N Up(n) — QnZ € 2+ where 2+ means the vector subspace of E orthogonal to

Vect({z})

Proof. Since (uy),y is unbounded, we can assume that we have an increasing function
¢ : N — Nsuch that for all n € N, u,,) # 0 and H“w(n) || — +00. Therefore the sequence
n—+oo

(Up(n)) peny 18 well defined. Moreover, as it is bounded by definition, up to refining ¢, we can
assume that it converges to some z € E. Let 7w be the orthogonal projection onto Rz. We

—~—

define o, to be the unique real number such that m(ugy(n)) = anz. As Uy o A we
n—+oo

have that «, |u¢(n) || Therefore, up to refining ¢, we can assume that o,, — +00

n—)f\-jf—oo ’ n—+00
and oy, > 0. Moreover, we have g,y = a2 + o (avp,). Finally, by definition of 7, for all
n—+0o0o

n €N, Uuym) —anz € 2t <
» Proposition 22. Any sequence u = (un), oy of E admits accumulation expansions. More-
over, if u is unbounded, then D, is not empty.

Proof. If (uy), ¢y is bounded, then it has an accumulation point z;. Hence, taking p = 0,
all the points are trivially true except Point (AE9). Taking any 1 given by the definition of

accumulation point lead to uy,m) =21+ o (1).
n—+oo

Assume now that (uy), cy is unbounded. We proceed by induction on d = dim E.

If d =1, consider z; and (ay,),, oy and ¢ given by Lemma 21. By definition, [|z;|| = 1
and Uy(p) — 1n21 € 217 = {0}. Taking p = 1 and 2z = 0 satisfies all the required
properties. Moreover, z; € D,,.



Q. Guilmant, E. Lefaucheux, J. Ouaknine and J. Worrell

Assume the proposition holds for any Euclidean space of dimension d — 1. Consider z1,
(O/Ln)neN and ¢ given by Lemma 21. By definition ||z | = 1 and uy(n) — af 21 € 27
Since z; # 0, dim z{- = d—1. We can thus apply the induction hypothesis on the sequence
(Up(n) = 4 n21) I 21 Let ¢ be the function given by the induction hypothesis. Let
Yp=po¢ and ay , = o/lw,(n).

Every point is immediately satisfied either by the induction hypothesis or the fact that
21 is orthogonal to any point in 21", except for Point (AE7): It remains to prove that if
p > 2, then ag,, = Lo (o11,n). By induction hypothesis we know that

azn o~ |ty — ornzl]

Moreover, by Lemma 21 Huw(n) — a2 || = 0 (o/l,n)

Since (a1n), oy is @ subsequence of (O/lvn)nGN’ we have

o o Muwe —arnz = o (a1)
as required. Moreover, z; € D,,.

<

We now state a relation between the directions within the accumulation expansion and
the set rec(K).

» Proposition 23. Let E be an Buclidean space. Let K C E be MW-conver. Let u = (un), oy
P
be an unbounded sequence in K. Let uyn)y = Y apnzr+2pr1+ 0 (1) be an accumulation

expansion of (uy) Then, there are some positive real numbers (’Bkve)lﬁl<kﬁp+1 such that

neN”

k-1
Vke[l; p] 2k + Y Breze € rec(K)
=1

P
and Zpt1 + D Bpri,eze € K.
=1

Proof. For k € [1; p], we consider 7 : E — E the orthogonal projection onto the vector
space Vect((z1,...,2k_1)"). Let us first show that zj, € m(rec(K)). Let A € Ry and define
A
Ak.n
Note that for large enough n, Ax, € [0;1]. Without loss of generality, we assume
Aien € [0;1]. Then, by convexity,

Ak7nu¢(n) + (1 — )\k,n)UO eK

>\k,n =

Moreover,
P
Tk (Ak,nugz(n) +(1- )\k,n)uo) = Azt D Aoz
0=k+1
FAknzpr1 + (1= M) (uo) + 0 (Agn)

n—+oo

— Azp + TFk(uO)

n—-+oo

Also, thanks to Corollary 18, we have 7 (K) = m(K). Using now Proposition 9, we then
conclude that zj € rec(m;(K)). Finally, using Corollary 17,

2, € m(rec(K))
We now prove the proposition by induction on k. For k = 1, our preliminary result gives
in particular that z; € rec(K).
Assume now that (8,¢);,,, have been defined for some k € [1; p]. Since z €
7k (rec(K)) as proven earlier, there are some real numbers (Vk,f)ze[[l . g—1] such that

156:9
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k—1

2k + Z’ijZg € rec(K)
(=1
If all the ~y, are positive then fixing B¢ = g satisfies the proposition. Let ¢ €

-1
[1; k— 1] maximum such that v; ¢ < 0. Then, as by hypothesis we have that ze+ > 8¢,;2; €
j=1
rec(K), we can deduce that

k—1 -1
2k + D Wiz + (14 [vkel) (Ze + Zﬁeﬂj) € rec(K)
j=1 j=1

Vg J >4
Considering 'y,’w. = 1 j=4
Ve + L+ wel)Be; <t

k—1
We end up with z; + > ;. ,2¢ € rec(K) with one less non-positive coefficient. Repeating
=1

this procedure until ever§ coefficient is positive lead to a sum of the desired shape, thus
establishing the induction hypothesis holds on k and therefore concluding the induction.
Let 7,41 : E — E the orthogonal projection on Vect((z1,...,2,)*). We have

u u —r Z
41 (Up(n)) o P

By Corollary 18, Zpt1 € Tp1(K) = mpp1(K)
Thus, there are some real numbers (Vpy1.¢) e[l k] such that

P
Zpr1 + D Vprreze €K
=1

Doing the same work as above, we can add some elements of rec(K) so that we end up
with some positive (ﬂPJFLZ)Ze[[l . 57 such that

P
Zp+1+ D Vpr1,eze € K
=1

The two following corollaries specialise this result for some form of sequences.

» Corollary 24. Let E an Euclidean space. Let m: E — E be a linear projection. Let K C FE
be MW-convex. Let u = (up), oy be an unbounded sequence in K and x € Dy(y. Let

|7 () | = onh p+1+n—>+oo(1)
(Gd —) (un)
[l (e ) |

m(em) | 52, @

Then, there are some positive real numbers (Bk,g)1<e<k<p+1 such that

be an accumulation expansion of ( > such that
neN

k=1 P
VEe[l; p+1] zZk + D Breze € rec(K) and T+ Zpt1 + D Bpt1,02e € rec(K)
=1 =1
Proof. We have
P
(1d =) (o) = 2 [mwo)l] onnzn + [mCupm)ll o+ 0 (Imuem)l])

Also, provided () T T we have

7 (tp(my) = [[T(upem) || 2+ 0 (7))

n—+o0o
Therefore
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n—+oo

'
o) = 2 (|7 () || @rnzn + (|7 (o) || (@ +2p11) + 0 ([[7(upm)|)

The result is obtained by applying Proposition 23 to this accumulation expansion of
(tn),cy- Note that in this case we in fact have a truncated accumulation expansion so the
case p + 1 is not the last element of an actual accumulation expansion. That is why we get

rec(K) instead of K even for p 4 1. <

» Corollary 25. Let E an Euclidean space. Let K C E? be MW-convex. Let m: E — E be a
linear projection. Let u = (uy),y be an unbounded sequence in E such that

Vn € N (Un,Unt1) € K
and x € D,. Let

Up(n)+1 &
m - kzlak,nzk + Zpy1 + n—)q#oo (1)

[[n|

Upimy —> &

. . Un+1
be an accumulation expansion of ( nt ) such that
neN

Then, there are some positive real numbers (Bkv€)1<f<k:<p+1 such that

k=1 P
VEe[1l; p] (O7zk + Zﬁk¢24> erec(K) and (./L',Zp+1 + ZBerL[Zg) € rec(K)
=1 =

and such that for sufficiently large n,

p p
<7T <2p+1 + Zﬂpﬂ,zze) , T <Zp+1 + Zak,nzk>> >0
=1

k=1
Moreover, there is some i € [1; p+ 1] such that w(z;) ¢ Ker(nw), this inequality can be
taken to be strict.

Proof. We first apply Corollary 24 to the sequence ((Un,tn11)),cyn and the projection on
the first component to get some positive real numbers (5k’g)1<e<k<p+1 such that

k=1 p
Vke[l; p] (0,zk + Zﬁk)ng) €rec(K) and (x,zp_H + Zﬁp_;,_Lng) € rec(K)
=1 =1
Let ko € [1; p+ 1] minimum such that z; ¢ Ker .

If there is no such kg, then

p p
<7T <Zp+1 + Zﬁzﬂrl:fzé) ) T (Zp+1 + 2 ak,nzk>> =0
/=1

k=1
and the proof is complete.

If ko =p+1, then
p p
<7T <2p+1 + Zﬁpﬂ,ﬂfz) )T <Zp+1 + Zak,nzk>> = ((2p+1), m(2p+1)) >0
=1

k=1
Otherwise, ko € [1; p] and ||m(2x,)] # 0. Let
P ko—1 P
Sn(A) = <7r (zp+1 + Zﬁp+1,42e> + A (Zko + > Bko,m> , T <Z 2k + zp+1>>
=1 =1 k=1
We have
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50N = (m(mpin) + 32 Byrrem(ze) + A7 (zr0) 2 3 annr(z) +7r<zp+1>>

L=ko k=ko

P
m(2pt1) + Z Bp+1,em(20) + AT (2o) , T(2p41)
L=ko

i Qoo <7r(zp+1) + Zp: Bp+1,em(ze) + AT (21) ,W(Zk)>

0 t=ko

k

p
= Qign { T(2p+1) + D Bpr1,em(ze) + AT (2ko) 77T(Zk0)> + o (Qko,n)

t=ko

= Qikg,n (/\||7F(Zko)||2 + <7T(Zp+1) + i ﬁp+1,577(24)777(zk0)>> + o (akn)

t=ko n—+oo

Therefore, taking any A > 0 such that

<7T(Zp+1) + i 5p+1,eﬂ(ze),ﬂ(zko)>

=k
A> — i

2

17 (2o |

we get Sn(A\) 7
n—+oo

Thus, for sufficiently large n,

p ko—1 p
<7T <Zp+1 + Zﬁp+1,[zf> + Am (Zko + > ﬂko,eze> ,T (Z Ofn 2k + Zp+1>> >0
i=1 =1

k=1
Also,

=1

p ko—1 p
<$,Zp+1 + > Bpt1,eze + Azkg + A Y Bkg,ezz) = (;r, Zp+1 + Zﬁpﬂ,ﬂl)
=1

(=1
€rec(K)
ko—1
+ A <O,Zk0 + Zﬁku,eze>

>0 =1

€rec(K)
P ko—1

<a:,zp+1 + ZBP+1,£ZZ + Az + A Z Bko,le) € rec(K)

=1 =1

Bp+1,e > ko
Thus, considering Briie = Bpt1ie+ A L=k
Bp+1,6 + ABroe £ < ko

instead of the Byy1,¢s, we get the desired result.

3 Deciding the Constraint Loop Problem

The goal of this section is to establish Theorem 2. This will be done by showing equivalence
between the existence of a witness of the form given by Definition 1 and the existence of
an infinite run of a constraint loop. The easy direction in this argument—constructing an
infinite execution from a witness—is the purpose of Subsection 3.2, Proposition 27. Actually,
there is an even easier case, namely certifying the existence of bounded infinite run, is dealt
with in Section 3.1. It states that an infinite run exists if an only if there is a fixed point.
This proof holds in any dimension and relies on a simpler certificate. We will also reuse this
result in the specific cases of dimension 1 and 2.

The main objective in this section is to construct a witness from an infinite execution.
We provide the proof of sufficient condition in Subsection 3.2. This will enlighten why the
witness is defined the way that it is. Subsection 3.3 deals with the simple 1-dimensional case,
and Subsection 3.4 handles the dimension-2 case, which is more challenging. Because of the
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difficulty of this proof we only provide high level explanation here. For a complete proof, we
refer to the full-version of this article or to the appendices.

3.1 Deciding the Existence of a Bounded Sequence

» Proposition 26. Let E be a vector space of dimension d € N. Let K C E? be closed convexr.
Denoting A = {(x,z) | € E} C E?, we have that K N Ag # & if and only if there is a
bounded sequence u = (uy), oy of E such that for alln € N, (un, uns1) € K.
Proof.

Let (z,2) € K N Ag. The sequence constantly equal to x satisfy the proposition.

@ Assume now that there exists a bounded sequence (u,),y such that for all n € N,

1.n 1n=1
(Un,unt1) € K. Let n € N* and define x, = — > (up,up) and yp, = — > (Up, Upt1).
np:0 np:O

We have

1
lzn — ynll = n (| (wns o)l

Since the sequence (“n)neN is bounded, there is a positive real number M such that

M
Vn € N* [2n — yull < o

In particular, both sequences (2,,),cy- and (yn),cy- must have the same accumulation
points. As these sequences are bounded (and since they are in a vector space of finite
dimension), such a point exists. Let us denote it z. Notice that since K is closed and
convex, for all positive integer n, y, € K and thus x € K. Moreover, by definition, for

all positive integer n, x,, € Ag. This set is again closed, thus z € Ag. This proves that

(EEKOAE#@

3.2 A Sufficient Condition for the Existence of a Sequence

» Proposition 27. Let E be an Euclidean space of dimension d. Let K C E? be MW-conver.
If there exists a witness W(K), then, there is a sequence (uy), ey € EV such that

Vn € N (Un, un+1) € K

Proof. Assume we have a witness W(K). We then take M, v, w,C as given by the witness
and define the following sequence:
Ug = v and U = w
Vn e N Upt2 — Upnt1 = M (Upt1 — Up)

Remark first that for all n € N, u,4+1 — u, € C. This can be proven by induction, noting
that the initialisation is given by Point (Ju4) and the induction step comes from Point (Jul).

We now prove by induction that Vn € N (Un,unt1) € K.

By Point (Ju3), (ug,u;1) € K.

Assume that for some n € N, (up, unt1) € K. As upy1 — u, € C as shown before, by

Point (Ju2)

(Upt1 — Up, Unt2 — Upt1) € Tec(K)

Thus (U7z+1a un+2) = (una un-i—l) + (u7z+1 — Up, Un+2 — u7l+1) € K+ reC(K) =K
By the induction principle we conclude that for all n € N, (up, upt1) € K. <
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3.3 Necessary Condition for the Existence of a 1-Dimensional Sequence

We establish the main result in the one dimensional case. Note that we prove a slightly
stronger certificate here, which is not necessary in itself, but which we need for the 2
dimensional case.

» Proposition 28. Let E be an Fuclidean space of dimension 1. Let K C E? be MW-conver.
Let a sequence (up), ey € EV such that (tn,unt1) € K for allm € N. Let v € cone (D,,)
such that (0,7) € rec(K) (note that at least v = 0 works). Then, there are a € R*, a closed
convex cone C C FE and x,y € E such that

(i) aC CC

(ii) Ve e C (x,az) € rec(K)

(iii) (z,y) e K

(iv) y—zeC

(v) veC

Proof. Without loss of generality, as F is an Euclidean space of dimension 1, we assume
E =R. If (uy),, ¢y is bounded, then, by Proposition 26 there exists z € R such that (2, z) € K.
Then v = 0 and we can select y = = z, C = {0} and a € R* arbitrary (e.g. 1) to produce
the requested witness.

We now assume that (uy),, oy is unbounded. By Proposition 22, it admits accumulation
expansions and D, # @. The only two possible accumulation directions are 1 and —1. We
consider three cases:

If D, = {-1,1}. Take ¢; and ¢_; such that m T 1 and u?:(/n) — —1. Up

n—+0oo
to extracting a subsequence, we have the accumulation expansions

U P
~ormAL 2k +2pr1+ 0 (1)
[ = n—+o0

/

Up_y1(n)+1 pz ’ ’ /

—— = > 2+ 2+ o (1)
=" e
Then, by Corollary 25, there are o, 5 € R such that

(1, ) € rec(K) and (—1,p8) € rec(K)
_ v iy #0
Let 5_{044—6 ify=0
Therefore, either (0,d) = (0,7) € rec(K), or (0,0) = (1,) + (—1,5) and (0,9) € rec(K)
by conic combinations.
If §=0then y=0and o = —p.
If a= Oa then ﬁ = Oa (ulaul) = (UO,Ul) + (ul - U;0,0) €eK
—_—— —

EK €rec(K)
We then choose for instance a € R*, C'= {0} and z = y = u;.

and

If @ # 0, then we just have to take a =, C =R, z = ug, y = u;.
Note that in both these cases we trivially have v € C.
If 6 > 0 then, for large enough n, nd + a > 0. Moreover, as rec(K) is a cone,
(I,nd + @) =n(0,0) + (1,) € rec(K)

—— =

€rec(K) €rec(K)
We then take a = nd +a > 0, C = Ry, * = ug, y = ug41, for some k such that
up41 — ug+ > 0. This exists since 1 € D, and hence (uy), oy is not bounded from
above. Note also that since § > 0 then v > 0. Thus v € C.
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If 6 < 0 then, for large enough n, nd 4+ 5 < 0. Moreover, as rec(K) is a cone,
(_17’05 + B) = n(ov 6) + (_Lﬂ) € rec(K)
—— =
€rec(K)  €rec(K)
We then take a = —nd — f > 0, C = R_, x = ug, y = ugy1 for some k such that
U1 — up < 0. This exists since —1 € D, and hence (uy), oy is not bounded from
below. Note also that since 6 < 0 then v < 0. Thus v € C.
If D, = {1}, then, similarly to the first case, using Corollary 25, there is some a € R
such that (1, «) € rec(K). Note also that v > 0 and that (1,« + ) € rec(K). Let k such
that ugy1 — ug > 0. This exists since 1 € D, and hence (“n)neN is not bounded from
above.
If a4~y =0, then, « =y =0 and
(W15 Ukg1) = (Uk, Upg1) + (Upg1 — up,0) € K
—_— — —
eK €rec(K)
We then choose for instance a € R*, C' = {0} and z = y = up41.
If @ +~v > 0, then we just have to take a =a +v, C =Ry, z = uy and y = upy1.
Note that in both cases, vy €e Ry = C.
The case D,, = {—1} can be made similarly to the previous point.
<

We are now ready to prove the special case of Theorem 2 in which E has dimension 1
(see Section 1). Without loss of generality we just consider E = R. The necessary condition
is given by the application of Proposition 28 with v = 0. The sufficient condition is given by
Proposition 27.

3.4 Necessary Condition for the Existence of a 2-Dimensional Sequence

We now move to 2-dimensional Euclidean spaces and prove that the existence of a witness
as given by Definition 1 is implied by the existence of an infinite sequence. This, combined
with Proposition 27 will imply Theorem 2.

For the entire section, we thus fix F to be an Euclidean space of dimension 2, K C E? to
be MW-convex and thus satisfying K = K’ + rec(K) where K’ is a compact convex set. We
assume that there exists a sequence (uy), oy € E™ such that for all n € N, (uy, up4+1) € K.

We start by two technical lemmas to lighten the proof of the proposition.

» Lemma 29. Assume that D, is not empty and for all x € coneD,, if (0,z) € rec(K),
then © = 0. Denoting C,, = cone D,,, we have that for all x € C,,, there is s(x) € C,, such that
(z,s(z)) € rec(K).

Proof. Let = € C,. By definition, we can consider xy,...,z, € D, and A1,..., Ay € Ry
m

such that x = Y \;z;. By definition of D, for i € [1 ; m] there is an increasing function ¢; :
i=1

N — N such that ug, () njoo x;. Using Proposition 22, the sequence ((u%(n), ugai(n)Jrl))neN

admits an accumulation expansion

Pi
(Ugsowi(n) Ugpsowi(n)+1) = 20 Qideon(Zik,15 Zik,2) + (Zipt1,15 Zipr1,2) + 0 (1)
k:1 n—+o0o
In particular, for & € [1 ; p; ] minimum such that z; 1 # 0, we have z; 1 € R* 2;. Since
the first component is not bounded, such a k exists. Let p; > 0 such that z; 1 = p;2;. Now,
applying Proposition 23, (21,1, 2i,1,2) € rec(K) and ||(2;1,1, 2zi,1,2)|| = 1. Therefore, if k > 1,

then 2,11 =0 and ||2;1,2] = 1. Hence z;1 2 € D,. This contradicts the hypothesis that for

156:15
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1
all z € Cy, if (0,x) € rec(K), then x = 0. Thus, k = 1. Considering s(z;) = —z; 1,2 satisfies
Hi

m

the claim for x;. Thus, defining s(z) = > A;s(x;) establishes the lemma.
i=1
<

» Lemma 30. Assume that D, is not empty, that for all x € coneD,, if (0,x) € rec(K),
then x =0 and for all x € E, (z,2) ¢ K. Denoting C,, = cone D,,, for all x € D,,, there are
0(x) € E and X € RY such that (0(x), Az + d(x)) € K Urec(K).

Proof. Let z € D, and the accumulation expansion

Up(n) = Z g2k +2p+1+ 0 (1)

n—+o0o
with p > 0 and z; = z. By convex1ty, we have

A4 N 1 W(% ( e K
n e — Uk, Uk+1) €
p(n) =6
Up to refining ¢, we can assume that we also have the accumulation expansion
1 em)-1 q
— Uk, U = Wk 1, W w, , W, + o 1
(p(,n) = ( k k-‘rl) kglﬁk,n( k,1 k,‘,Z) + ( q+1,1 q+172) n—>+oo( )
Therefore
q 1 @w(n)—1
kzzjlﬁk,n(wkﬂ — Wk,1) + W12 — Wet1,1 = Tn) kz:: (k41— ug) + o (1)
Up(n) — U
= + o 1
» ()0( ) n—H»oo( )
(077%")
= Zzk+ O (1)
sz:l p(n) n—+oo

p(n)
converges to it. By definition of an accumulation expansion, we then have for all k € [1 ; ¢],
w1 = Wg,2 Therefore, wyi1,2 — Wey1,1 = AT.

(0%
< 1’"> has an accumulation point, say A, up to refining ¢, we assume that it
neN

By Proposition 23, there are some positive real numbers 71, ... ,7, such that

q
> ve(wr 1, we2) + (Wet1,1, Wet1,2) € K
k=1

The difference between the two coordinates of this vector is Az. Since A is the limit of

a positive sequence, A > 0. Also, provided that there is no a € E such that (a,a) € K
q
by hypothesis, we have A # 0. Therefore, considering §(x) = > yrwg1 + Wet1,1 We get
k=1
(0(z), Az +d(x)) €

A1n

Now if has no accumulation point. Since it is positive, we have
(p(n) neN
«
Ln o, oo
p(n) n—o+oo
Thus, there is k € [1; ¢] minimum such that wy 1 # w2 and for this k, we have
Q1n

Brn(Wr2 — wi)  ~
n—+o0o gp(n

Therefore, there is A > 0 such that wy 2 — wy,1 = Ax. By Proposition 23, there are some

positive real numbers 1, ...,vyx—1 such that
k—1
> ve(we,1, we2) + (w1, wg,2) € rec(K)
=1
The difference between the two coordinates of this vector is Ax. Therefore, considering
k—1
d(x) = > yewen + wi, we have (§(x), Az + 6(z)) € rec(K). <

l=1
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» Proposition 31. There exists a witness W(K).

For the detailed proof we refer to Appendix A. Here we just give an overview of the proof.

Any fixed point (z,z) € K7
Yes No
Case 1 Ve € E, (z,z) ¢ K

\

Any z € cone(D,) \ {0} such that (0,z) € rec(K)?
Yes No
For all z € cone(Dx,)
Case 2 (0,2) €rec(K) = =0

/

Any a € E, x € Dy, n € RY such that (a,a + pz) € K7
Yes No
Case 3 Impossible to have (a,a + px) € K

-

Does cone(D,,) has full dimension ?

Yes No

Case 4
cone(D,,) = Rz for some z ?
Yes No
Case 5 | Case 6

Figure 1 The case disjunction structure

Proof sketch. The proof is divided into several cases under the structure described in
Figure 1. Among all these cases, Case 6 is by far the most difficult, followed by Cases 2 and
5, then Case 4 (quite easy) and finally the almost trivial Cases 1 and 3. In this proof we
denote C,, = cone(D,,).

Case 1: There is a fixed point (z,z) in K. In this case we just need to take v = w = z,
M arbitrary and C' = {0} to get a Witness. This just leads to a constant sequence.
Case 2: No fixed point but there is z € C,, \ {0} such that (0,z) € rec(K). In this case
we are going to try to make use of Proposition 28. Let w : E — E be the orthogonal
projection onto z* and let 7 : E2 — E? be such that
Ve, f € E,7(e, f) = (w(e),7(f))

Assume that we have found some 2’ such that (z,2') € rec(K). We then can write
2’ = yx + y for some y orthogonal to z and some v € R. Then we have 7(z,2') = (0,y).
Also (0,y) € T(rec(K)) = rec(7w(K)). Thus if we can build ' such that y € cone(Dyr(y)),
we would be allowed to apply Proposition 28. This requires some work. The idea is to

write x = Y a;z; with z; € D,, and a; > 0 then apply Corollary 25 for all i € [1; n]
i=1
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(details in Section A). Assume this is done. There are a € R*, a closed convex cone
C C zt and v, w € 2t such that

aC CC

Vee C (c,ac) € rec(T(K))

(v,w) € T(K)

w—v el

yel
Again, since rec(7K) = 7(rec(K)), for all £ € C, there are be,ce € R such that
(bex + &, cex +a) € rec(K). For all £ € C, we fix be and c¢¢ such that (|be|, |ce]) is
minimal for the lexicographic order and among all these possibilities, such that (be, c¢) is
maximal for the lexicographic order. We denote

Y0(§) = max(1,v,b¢)  and  41(§) = max(|al, bae, ce)

and for n > 1, ~Yon (§) = max (aQ”, a®"be, aQ(”_l)cag)
'72n+1(€) = max(|a‘2n+17 a2nba€7 a2n65)
For n € N, let xn (&) = MW (&z +a™§

np 2N

and Moe=1 5.6 "
’ a“"bee n€2N+1

We some algebraic manipulations and intensively using that (0,z) € rec(K) to add

missing weight on x in the second component, we get

vneN (Xn(€)7Xn+1(§) + (%(5) - bﬁhf) Xo (y)) € rec(K)
Recalling that w — v € C' we define C' =Rz + > (Ryxn(w —v)+Rixn(y)) This is
neN

the cone we want to use. It is finitely generated. Ce can also see that it cannot contain
line. Since all such two-dimensional cones are generated by at most two vectors we can
find such generating vectors. M will just be a matrix defined thanks to its behavior on
these vectors and C’ is defined to get stability. Finally, up to add some component on z
again we can get our starting conditions thanks to v and w (See details in Appendix A).
Case 3: No fixed point or = € C,, \ {0} such that (0,z) € rec(K). However there are
a€E,xeD,and pu € RY such that (a,a+ pur) € K. This means that their is a principle
direction of u along which it is possible to take a first step. In this case, we select C' = C,,.
C is a non empty closed convex cone of R?, thus, there are two vectors z1, x5 € C'\ {0}
such that either C' = Rz +Ryxq or C = Rizy +Rixs or C = Ray +Rag. Let I C {1,2},
I # @ the largest set such that (z;);c; is a free family. Using the function s defined by
Lemma 29, we define M such that Mxz; = s(x;) for all i € I. Noting that since, for ¢ € I,
—x; € C, (0,s(x;) + s(—x;)) € rec(K), we have that s(—z;) = —s(x;), this choice of M
satisfies Points (Jul) and (Ju2). We now choose v = a and w = a + pz. By assumption,
(v,w) € K. Also, w —v = pzx € C, = C. C,v and w thus satisfy Points (Fu3) and (Jud).
Case 4: No fixed point, € C, \ {0} such that (0,2) € rec(K) or a € E, x € D,,
p € R such that (a,a + pr) € K. However D, spans the entire space E. Given that,
take (a,b) € K. Using Lemma 13 there is A > 0 such that y :=b—a + Az € C,. Let
v =a+ A(z) and w = b+ Az + §(x)) with ¢ given by Lemma 30. We then have
(u,v) € K. Let C = cone {s*(y) | k € N} with s being the function defined in Lemma 29.
C' is a closed convex cone in a 2-dimensional vector space, therefore there are vectors
(1,¢2 € C\ {0} such that

Ce{RiG +R1G,RG +R1G, Ry G+ REG, RG+ RG )
Let (Cin),ey be a sequence in cone { s"(y) | k € N} such that

Cimn — G

n—+oo
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—— References

1

If (s(Cin))pen is unbounded then Proposition 23 ensures that there is some (] €
D(s(¢in)), oy Such that (0,¢}) € rec(K) and ¢/ € C,. This is impossible by assump-
tion on C,. Therefore, it is bounded and we have an accumulation point ¢/ € C. Since
rec(K) is closed, we also have ((;,¢]) € rec(K). Let I C {1,2} maximal such that (¢;)
is a free family. Let M be a matrix such that

Viel M¢ =(]
Case 5: No fixed point, z € C, \ {0} such that (0,z) € rec(K) or a € E, x € D,,
p € R% such that (a,a+ px) € K and C, is a line C, = Rz. This case uses the induction
hypothesis (Proposition 28) and similar techniques as in Case 2. The main change here
is that we use the function s defined by Lemma 29. Here s(z) will have to be collinear
with z. In stead of adding multiples of (0,z), we have access to some (x,vx) € rec K
and are allowed negative coefficients which makes the case relatively easy. See details in
Appendix A.
Case 6: No fixed point, z € C, \ {0} such that (0,2) € rec(K) ora € E, x € D, pn € RY.
such that (a,a + px) € K and C, = R, for some x. Let y € 2 such that ||y| = 1. The
main goal of this case is to find a,b > 0 and ¢, d € R such that

(z,az) € rec(K) and (dz +y,cx + by) € rec(K) and c>db
This can be achieved by a very careful look at the asymptotic behavior of the (uy,),, ¢y
and more precisely its components along x and y. Namely, the component along x must
blow up significantly faster than the one along y. This is where the difficulty of this case
lies. We refer to Appendix A for the details. This naturally leads to choose C' and M
such that:

C=Riz+Ri(dz+y) and Mz = az and M(dx +y) = cx + by
immediately satisfying (FJul) and (Ju2). With the same technics we can show that there
is some n € N such that

icl

<un+1 - un,x> Z d<un+l - un7y>
Then considering v = u,, and w = Up41.
W—V = Upt1 — Up = <Un+1 — Uml’> T+ <Un+1 - un7y> Yy
= ((Un+1 = Un, T) — d(Unt1 — Un, Y)) T+ (Unt1 — Un,y) (dz +y) €C
Hence, Points (Ju3) and (Jud) are satisfied by C, v, w.
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A Detailed proof for the Proposition 31

We consider the same context as in Subsection 3.4.
» Proposition 31. There exists a witness W(K).

Proof. We prove this result through a succession of case refinements, each producing a
witness.

Assume first that there exists € E such that (z,2) € K. Then we can build a witness
by choosing v = w = z, M arbitrary and C' = {0}.

We now assume that for all x € E we have that (z,2) ¢ K. By Proposition 26 and the
previous assumption, (uy), oy is unbounded. Therefore, D, # @. We consider two cases,
depending on whether there exists « € cone (D,,) \ {0} such that (0,z) € rec(K).

First case: there exists « € cone (D,) \ {0} such that (0,z) € rec(K). We then write

m
r = Y a;x; with m € N*, a; € R} and 2; € D,,. Fori € [1; m] we let ; be such
i=1

that wu, (n) = i Let 7 : E — E be the orthogonal projection onto z* and let
n—+0o0

7 : E? — E? be such that
Ve, f € E,7(e, f) = (7(e),7(f))

Applying Proposition 22 there is an accumulation expansion

U, (n)+1 b
T = S sk Fipart 0 (1)
[ (= n—-+oo
with p; € [0; 2]. Applying Corollary 25, we know that there are some positive real

numbers (ﬁi’k)g)1<e<k<p+1 such that

k—1
Vk € Hl ; pi]] <O,Zi,k + Zﬁi,uzu) S rec(K)
=1

Pi
and (xi,zi,piﬂ + Zﬁi,pi+1,£2i,e) € rec(K)

and such that for sufficiently large n,

Pi Pi
<7T (zi,pm + Zﬁi,piﬂ,ﬂu) T (Z Qi k,nZik + 2i,p1-+1)> >0
=1 k=1
the inequality being strict if there is some j € [1 ; p; + 1] such that some z; ; ¢ Ker m. Let
m Pi
=>a; (zi,piﬂ + Zﬁi’pi+1’e2i,,€). In particular, we have (z,2") € rec(K). We write
i=1 =1

x' = yx +y with (z,y) = 0. Let us show that y € cone D, (,y and that (0,y) € rec(7K)
in order to apply Proposition 28 on the sequence projected by m with y used as the v in
the proposition. If y = 0 then trivially y € cone D,y and (0,y) € rec(7K). Otherwise,
since all the a; are positive, there exists some ¢ such that

Pi
™ (Zivpi+1 + Zﬁi,piﬂ,ezi,z) eRLy
=1
In particular, there is some j € [1; p; + 1] such that some z; ; ¢ Kern. Thus, for
sufficiently large n,

Pi Pi
<7T <Zi,p71+l + Zﬂi,pi+l,22i,é> ,T <Z O ke Zik + Zi,pi+l)> >0

(=1 k=1
Pi
Also, T\ Zipit1 + 2 QiknZik | € zt =Ry
k=1
Provided that the scalar product between the above elements is positive, we then get

that
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Pi
™ (Zi,pm + Eai,k,nzi,k> cRiy

k=1
Pi
Say we have T (Z'L',pi+1 + > ai,k,nzi,k> =Ainy (with A; , > 0)
k=1
If there is k € [1; p;] such that 7(z %) # 0 then A;, 7 oo Otherwise it is
n—+oo
constant. In both cases, for n sufficiently large, it is bounded from below by some A; > 0.

Thus

Di
r (umiores) = sl (Sawsnsin o) 4o _(luniol)

n—+oo

= [Juesnl| My + 0 (tsicm]])

n—-+oo

= [Jugm | diny+ 0 ([Jupim || Ain)

Therefore, any accumulation expansion extracted from the above expression will stand as
a witness for y € R Dy(,) C cone Dy (). Moreover, by Corollary 17 we have rec(7K) =
m(rec(K)). Thus since 7(x,2") = (0,y) and (x, ") € rec(K), we have (0,y) € T(rec(K)) =
rec(7K). As dimat = 1, we can apply Proposition 28: there are a € R*, a closed convex
cone C C z* and v,w € x* such that

aC CC

Vee C (c,ac) € rec(T(K))

(v,w) € T(K)

w—veC

yel
Again, since rec(7K) = 7(rec(K)), for all £ € C, there are be,ce € R such that
(bex + &, cex 4+ a&) € rec(K). For all £ € C, we fix be and c¢ such that (|bel, |ce]) is
minimal for the lexicographic order and among all these possibilities, such that (be, c¢) is
maximal for the lexicographic order. We denote

Y0(€) = max(1,7,be)  and  41(§) = max(|al, bag, cc)
and for n > 1, Yo (§) = max (aQ”, a®"be, aQ(”_l)cag)
and Yon+1(§) = max(|a|** 1, a®™bae, a*"ce)
Using that (z,vyx + y) € rec(K) and (0, ) € rec(K), we get the following
(@,70(y)z +y) € rec(K)
For all £ € C and for all n € N

(V2n (&) + @™, Yan41(E)z + a® T + (2n (§) — a®"be) (0 (y) z +y)) € rec(K)

and
(van+1(&)z + @ yo(nany () + a®"TVE + (Yant1(€) — @ bag) (0 (y) = + y)) € rec(K)
For n € N, let Xn(g) = 7n(§)$ +a"§
a®"be n € 2N
/ —
and b”’5 o {a%bag ne2N+1
Then, we can write instead,
VneN (a6 xn1(6) + (1(&) = V) xo (9)) € rec(K) (+)

Recalling that w — v € C we define C' =Rz + > (Ryxn(w —v) + Rixa(y))
neN
Noticing that VEeC YneN'  xuia(€) = a’xa(9),

2
we can rewrite C' as C'=Riz+ > (Rixn(w —v) +Rixa(y)).
k=0

Moreover, as (v,w) € 7(K), there are b,c € R such that (bx +v,cx +w) € K. As
(0,x) € rec(K), we can assume without loss of generality that ¢ > b+ v9(w — v). Thus
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cx+w—br—v = (c—b—y(w—v))z+xo(w—v)eC’

—_—
e’ ec
This means that Points (Ju3) and (Jud) are satisfied by C’, bz + v and cx + w. We now
need to define the matrix M. Since for all £ € C' and n € N, ~,,(§) > 0, every ' € C’
satisfies (¢',z) > 0. Thus, C’ is salient (i.e. if & € C’ and —¢ € C’, then ¢’ = 0). As
a salient finitely generated convex cone of R?, C' is generated by at most two of its
generating vectors. Thus there are

GG ef{rtU{xk(w—0v) [ ke[0; 2]} U{xk(y) | k€ [0; 2]}
such that C'=Ri( +Ry(o.
By the fact that (z,x0 (y)) € rec(K) and by Statement (x), there are (i, {4 € C’ such
that

(C1,¢}) € rec(K) and (C2,¢h) € rec(K)
Since x € C” \ {0}, at least one of the ¢; is not zero. Let I C {1,2}, I # & the largest set
such that (¢;);c; is a free family. Taking M such that M¢; = ¢ for all i € I, we define
M satisfying Points (Jul) and (Ju2).
Second case: D, is not empty and for all € coneD,, if (0,z) € rec(K), then x = 0.
Denote C, = coneD, and E, = Vect(C,) = Vect(D,). We split again the proof into
several cases.

(a) Assume first that there is a € E, v € D, and p € RY such that (a,a + pz) € K.
We select C' = C,. C is a non empty closed convex cone of R?, thus, there are two
vectors x1, 29 € C'\ {0} such that either C' = Rxy + Ryzo or C = Rya; + Ryxy or
C =Ry +Rao. Let I C {1,2}, I # @ the largest set such that (z;),.; is a free family.
Using the function s defined by Lemma 29, we define M such that Mz; = s(z;) for all
i € I. Noting that since, for i € I, —x; € C, (0, s(x;) + s(—x;)) € rec(K), we have that
s(—x;) = —s(x;), this choice of M satisfies Points (Jul) and (Fu2). We now choose
v =a and w = a + pz. By assumption, (v,w) € K. Also, w—v =pxr €C, =C. C,v
and w thus satisfy Points (Fu3) and (Jud).

(b) We now tackle the case where there is no a € E, € D, and p > 0 such that
(a,a + px) € K. Using Lemma 30, for all z € D,,, there are A > 0 and d(x) € E such
that (§(z), Az + 6(x)) € K Urec(K). By the initial assumption of this case, we cannot
have (6(z), Az + §(x)) € K, thus (6(z), Az + §(x)) € rec(K). As rec(K) is a cone, we
can divide by A and have that (6(z),z + d(z)) € rec(K). The function § can then be
extended to C,, with the same property using conic combinations. Therefore,

Vo € Cy (6(x),x + d(x)) € rec(K).
We can now strengthen the initial assumption of this case by assuming that there is
noa € E, z €D, and u € R (instead of u > 0) such that (a,a + px) € K. Indeed, if
there were such elements, then by assumption g < 0 and we would have
(a+ (1= )6(z), a+ pa+ (1— ) 5+ 6(2))) = (a-+(1— @)(), (a+(1-p)3(z)) +2) € K
which is a contradiction.
For the remaining of the proof we fix x € ri(C,). We can assume x # 0 since if 0 € ri(C,)
then E, =C, =r1i(C,) and ri(C,) \ {0} # @, thus one could select a non-zero value for
x. Since x € E,, z # 0 and dim F = 2, we then have either E,, = E or E, = Vect(z).
We treat separately the cases F, = F, E,, = C, = Vect(z) and F, = Vect(x) but
Cu=Ryz.
(i) Consider first the case where E,, = E. In this case take (a,b) € K. Using Lemma
13 there is A > 0 such that y := b—a+ Az € C,. Let v = a + Aj(z) and
w=b+ Az + §(z)) with ¢ given by Lemma 30. We then have (u,v) € K. Let
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(if)

C = cone{s*(y) | k € N} with s being the function defined in Lemma 29. C' is
a closed convex cone in a 2-dimensional vector space, therefore there are vectors
(1,¢2 € C'\ {0} such that

C e Ry +RiG,RG +RG,RG +RG,RG + REG}
Let (Cin), ey Pe a sequence in cone { s*(y) | k € N} such that

Gin n:)oo Gi
If (5 (Ci,n)), ey is unbounded then Proposition 23 ensures that there is some ¢} €
D(s(¢in)),, o Such that (0,¢}) € rec(K) and ¢/ € C,. This is impossible by assumption
on C,. Therefore, it is bounded and we have an accumulation point ¢/ € C. Since
rec(K) is closed, we also have ((;,(!) € rec(K). Let I C {1,2} maximal such that
(Gi)jer 1s a free family. Let M be a matrix such that
Viel MG =
Hence, M and C satisfy Points (Jul) and (Ju2). Now notice that
w—v=z—v=yeC
Hence, v, w, C satisfy Points (Ju3) and (Jud).
Consider now the case where E, = C, = Vect(z). Let 7 : E — E the orthogonal
projection onto E;-. Note that dim E;- = 1. Let 7 : E? — E? such that
Ve, f € E, (e, f) = (n(e), 7(f))
By Corollary 17 we have rec(7K) = 7(rec(K)), hence applying Proposition 28,
there are M’ € R*, a closed convex cone ¢’ C E- and v/, w’ € E;- such that
Mc cc
Vee ' (¢, M'c) € rec(TK)
(W, w') enK
w —v' el
Let v = w’ —v’. By Corollary 17, there are v1, 72,73, 74 € R such that
(12 + 7,722 + M'y) € rec(K)
and (Y4 + M'~y,v32 + M"?v) € rec(K).
Using the function s defined by Lemma 29, since s(x) € Rz, s(—x) = —s(z) (as
argued in Point (a)), and M’ € R*, we can assume without loss of generality that
v4 = 11 M’, simply by adding a sufficient (possibly negative) multiple of (z, s(z)).
Therefore
(MM'z + M'y, 32 + M) € rec(K) (%)
We select C' = Vect(z) + Ryy + Ry M'y.
If v = 0 we take any M such that Mz = s(x). In this case MC C Rz = C and
since s(—z) = —s(z) € C, = C = Ru, we have for all ¢ € C, (¢, Mc) € rec(K).
If v # 0. We take M such that
Mz = s(x) and M(y1x +7) = vz + M'.
We have My = M(y1x+7v) — 1Mz = (22 + M'y) — 118(x) € C
Note that, since M'?y € R, we also have
MM'y = M'yox + M"?y — 1 M's(x) € C
Therefore, MC' C C. Moreover, we have
(z, Mz) = (z,s(x)) € rec(K)
(v, Mv) = (ma + 7,722 + M'y) = 71(x, 5(x)) € rec(K)
If M’ > 0 we then have for all ¢ € C, (¢, Mc) € rec(K). Otherwise, dividing by
|M’| the () statement, we have
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(iii)

(—fylx ~, |M/|ac + |M'|7) € rec(K)
By conic combination, (0 <|M’| —|—72> x4 (|M'] +M/)7> € rec(K). Hence

<O <|J’\yj’| Y2 > x) € rec(K). By assumption on C, this means that
V3 = =72 M| = 7o M’
Thus (M'y, M'M~) = (miM'x + My, yv2aM'z + M"?y) — M'y1(z, s(z))
= (mM'z + My, 952 + M™?y) = M'm(z, s(x))
Hence, using (), (M, M'M~) € rec(K)
Thus, for all ¢ € C, (¢, Mc) € rec(K).
Therefore, in both cases, M and C satisfy Points (Jul) and (Ju2).
Now, as (v',w’) € 7K, there are a,b, € E, = Vect(z), such that
(a+v,b+w') € K.
Moreover b+w —a—v' = b—a +yeC
——

€Vect(x)
Hence, taking v = a + v’ and w = b+ w’, v, w, C satisfy Points (Ju3) and (Ju4).

Finally, we consider the case where C, = Ryx. Let y € E;- such that |y|| = 1.

Using what we saw at the beginning of Point (b), if there is (a,b) € K such that

(b—a,y) = 0, then there is u € R such that b = a + px which is impossible.

Therefore, for all (a,b) € K, |(b—a,y)| > 0. Assume, for sake of contradiction,
that there exist a,b,c,d € E such that

(b—a,y) <0 and (d—c,y) >0 and (a,b),(c,d) € K

<d -6 y>
Let A = A=y —b—ay) and (e, f) = Ma,b) + (1 — A)(¢,d) € K.
We then have  (f —e,y) =A{(b—a,y) + (1 = A){d—¢c,y) =0.
Therefore f = e + px for some p € R.
Using the function § defined by Lemma 30 we have that

(e, /) + (L +u)(6(x), x + 6(z)) = (e + 6(x),e +0(x)) + (1 + [ul + 1)(0,2) € K

which contradicts the assumption of Point (b).
Therefore, either for all (a,b) € K, (b —a,y) > 0 or for all (a,b) € K, (b —a,y) <O0.
Up to considering —y instead of y, we assume that for all (a,b) € K, (b —a,y) > 0.
Let p = inf{(b—a,y) | (a,b) € K}. We have p > 0. Indeed, Note first that if
(w1, ws) € rec(K) then (wy —wi,y) > 0 otherwise if would be easy to build a
pair contradicting the assumption. Moreover, there exists (v1,v) € K’ such that
(vy — v1,y) achieves the minimum over K’:
(vg —v1,y) =inf {(b—a,y) | (a,b) € K} =4/

@' >0 as K’ is compact. For (a,b) € K, writing it (a,b) = (a/,V’) + (w1, ws) with
(¢/,V) € K" and (w1, ws) € rec(K), we have

p=(b—ay) = —d .y +(wy —w,y) > ' —a,y) > p" >0
In particular we have Vn € N (Upg1 — Up,Y) > >0,
hence vn € N (Un,y) > pn + (uo, y)

and (Un,y) T oo

—+00

Writing w, = (Un, ) & + (Un,y) Y, as Du = {z}, we know that
(Un,y) = o  ((un,))

n—+oo
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and for n large enough (Un, ) > 0.
Thus, up to considering a subsequence, we can assume without loss of generality
(un, x)

that for all n € N, (u,,z) > 0 and (u,,y) > 0. Thus < )
Un,Y

is always defined and

<un,1:> —r +00
<un7y> n—r+oo '

Hence we can find an increasing function ¢ : N — N such that
dnen (i) (Uew:?)

(Upmy+1:4) ~ (Upn),y)

Thus Vn € N <u‘P(”)+1’m> > <U¢(n)+1, y>

(Upn) @)~ (Upm)¥)
Moreover, <u¢(n)+1,y> > u+ <u¢(n),y> > <u¢(n),y> > 0. Therefore

> 1.

Vn e N <%(n)+1,$> S <U¢(n)+17y>
w(n)> @(n)»
(Up(n), ) (tUg(n),y)

u U
By applying Proposition 23 to the sequence T ntl )) we have
(Uny1,7) " (Unt1, ) nenN

>1

Upt1,T
that either (< nt1,T)
(Un, x)
assumption of the second main case of this proof. Therefore, up to considering a
subsequence, we can assume that there exists a € R such that
M — a Z 1.
<un7 :);'> n—s+oo
By Proposition 22, we can obtain an accumulation expansion

) is bounded or (0,z) € rec(K) which contradicts the
neN

P
(“w(n)v u¢(71)+1) = kzlak,n(wk,la wk,Q) + (U/p+1’1, pr,g) + n—>0 (1)

+00
Note that since (un,y) = o ({un,z)) and (u,,y) — +00, we necessarily
n—+oo n—+oo
have p > 2 and for ¢ € {1,2}, (w;1,w;2) # (0,0). Moreover, w1, w12 € Cy. As
C, =Rz and (tnt1, ) — a, w2 = awy ;. Therefore,

(Up,x) n—+oo

wi,1,W1,2 € Rix

Vn e N <%(n)+1,$> . <ugo(n)+17y>
(Up(ny> @) (U (n)> Y

U ) .
the sequence <<Mn)+1y>> is bounded. Therefore, (w2 1,y) # 0. Hence, there
neN

Similarly, since

(Up(n)>y)
are b,c,d € R and A € R? such that
(wa,1,w22) € A(dx + y, cx + by).

Indeed, if A was negative, we would have <u¢(n),y> < 0 for sufficiently large n,
(Upn)+1,Y)
<“w(n)7y>
(om1,9)
(Up(my,y) oo

which is not possible as > 1. Also, with this writing, we have

hence b < a.

Now assume, for sake of contradiction, that for all ¥’ > 0 and ¢/, d’ € R such that
(dx+y,dz+by) € rec(K) we have d'b’ > /. Let @’ > 0 such that (z,a’'z) € rec(K)
(note that ' = a works as by Proposition 23 (wq 2,w; 1) € rec(K)). Then, for all
neN, (d+n)x+y,(d +na)x+by) e rec(K).
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Hence (d+n)t) > +nd
This means that b > o’ and as this holds for every a’,’, in particular, b > a thus
b=a > 1. As a consequence,
b=min{¥ | 3¢, d (dx+y,dx+by) €rec(K)} =max{d | (z,d'z) € rec(K)}.
Provided that (uy,,y) o, 00, we have for large enough n, (un,unt1) ¢ K'.

n—-+oo
Writing

(Un, Un11) = (VUn,1, Un2) + An(dnz + Y, crx + bry)
with A\, >0, (vn,1,0n,2) € K’ and (dnx + y, cpr + bry) € rec(K), we have
(Un+1,Y) = bpAn + (Vn,2,Y) = by ((Un, y) = (Un,1,9)) + (Un2,9) o b, (n,y)

By minimality of b and the fact that (u,,y) > 0 for large enough n, we get that for
large enough n,

<un+1;y> Z b<unay> + 0 (<Un,y>)

n—-+oo
Therefore (Un,y) = nﬁ%(x} ("),
1 1
hence —= 0O e E
<Un, y> n—+oo \ "

Moreover, there exist sequences (v1n)neN,(V2n)neN, (Qn)nens (Brn)nens (@) nens

(B )nen such that

(Un; Un+1) = (Ul,nv vZ,n) + (Oén$ + Bnya Oé’n+113 + ﬂ;l-t,-ly)
with  (v1p,v2,) € K’ and (anx + Bny, o1 + By, 1y) € rec(K).

ThUS a'rwa;—,, = <Un,.’L'> + O (1)
n—+o00
n—+o0o

! a/
By the earlier assumption of this contradiction proof applied on ntl bl and

. Bn " Bn
B—n we have a0, 1 > o}, 10n
n
and Ol Br1 S g Bn .
<un7 y> <un+1a y) <un+17 y> <un7 y>
<Un,l’> + e) 1 <un+1,.’13> =+ e) ;
(un, y> n—+oo <Un7 y> <Un+1, y> n—+oo <un+17 y>
Hence 1 > 1
1+ O — 1+ O —_—
n—too \ (Un,y) n—stoo \ (Unt1,¥)
thus <uﬂ7 Zl’> + e) ( 1 ) > <un+17 :1:> + e) ( 1 )
<Un, y> n—+oo <’un7 y) <Un+17 y> n—+oo <un+17 y>
finally nin, @) ) g (i)
(Un+1,Y) (Un,y)  n—too \D"
As (tn, ) — 400, we cannot have b > 1. Thusa=b=1.

(tn,y) n—too

p
Recall that (uap(n)7u<p(n)+l) = Zak,n(wk,laka) + (wp+1,17wp+1,2) + _>O+ (1)7
k=1 n 00

awy,; = w2 and (we,1,w22) € )\_(dsc +y,cx + by) with A € Rbb.. Asa=b=1,
there exists w € R such that (wq 1, 2) = (w12, 2) = w and we get
{ <’U,S(,(n), I> = Q1 pW + )\dOlen + n~>0+oo (0127”)

<u¢(n)+1, x> = a1 p W+ Acag , + Lo (a2,n)
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Thus  (up(m)+1,%) — (Up(n), ) = A(c — d)azp + Lo (a2,n) T "
as ¢ < bd = d, which is a contradiction with the fact that for all n € N,
(o1, 2)

(to(m), )
Thus, there are a,b > 0 and ¢, d € R such that

(z,ax) € rec(K) and (dz + y, cx + by) € rec(K) and c>db

We consider C' = Rz + Ry (dx+y). We also take the matrix M such that Mx = ax
and M (dz + y) = cx + by. Since cx + by = b(dz + y) + (¢ — db)z, and ¢ > db, we
indeed have MC C C. Hence, M and C satisfy Points (Jul) and (Ju2). Assume
now that for all n € N,

> 1.

<un+1 - un7x> < d<un+1 - Umy>
Then for all n € N (un, — ug, ) < d{Un — ug,y)

Uy, T
And this is a contradiction with {1

< ) o o0 and (tn,y) > 0. Thus let n € N
’U,n7y n—+0o0o

such that (u,411 — Up, ) > d{Upt1 — Un,y). Let v = u, and w = Up41.
W=V = Unt1 — Un = (Unt1 — Un, T) T + (Unt1 — Un, Y)Y

= (<u7b+1 = Up, ) — d (Unt1 — U7L7y>) z+ <un+1 — Un, y> (dw + y) eC
Hence, Points (Ju3) and (Jud) are satisfied by C, v, w.
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