CSE206 Homework : Language of a non-deterministic
automaton

quentin.guilmant@lix.polytechnique.fr

March 2020

Abstract

The purpose of this homework is to give another method to compute the language of non-
deterministic automaton using linear algebra methods. We first prove a useful theorem that
ensures existence and uniqueness of the solution, then we explicit it. You can answer either in
English or in French.

We fix a finite alphabet 3 for this homework.

1 Reminders and notations

Notation. We let Reg be the set of the regular languages over X.. If A, B € Reg, AB is the con-
catenation of languages and A + B is the union of regular languages.

The notation is in accordance with the fact that these operations behave as the usual operations
over numbers.

Remark 1.1. @ is the neutral element of + and {c} is the neutral for the concatenation.

Definition 1.2. Let m,n € N, we denote M,,, ,, the matrix with m lines and n columns such that
the coefficients are regular languages. We also denote M,, = M,, ,, the set of square matrices.

Definition 1.3. Addition and multiplication extend as usual to matrices. If A, B € M,,,, with
A= (aij)6gert s mix[1;n] and B = (bi;)ij)e[1; m]x[1:n], then
A+ B = (aij + bij)ge[r; mix][1;n]
In a similar way, if A € M,,, with A = (a;;)@j)e[1; m]x[1;n], and B € M, , with B =
(i j)(ig)el1 s nIx[1 : p]> then
AB = (¢ij)Gert i mIx[1; p]

n
where Cij = > a;kbk;
k=1



Definition 1.4. If A, B € M,,, ,, with A = (ai,j)(i,j)e[[l . m]x[1;n]and B = (bi,j)(z’,j)e[[l - m]x[1;n]
then we write

ACB iff Vi,j a;; Cbij

Question 1. What is the identity matrix [, € M, such that if A € M,
I,A = AI, = A ? What is the zero-matrix 0, € M, such that if A € M,,
A+0,=0,+A=A?

Definition 1.5. For A € M,,(Reg), we use the convention A" = I,,.

2 A useful lemma

In this section we prove the following theorem :

Theorem 2.1. Let A € M,, and B € M,,; with A = (a;;)ije[1;n] and B = (bi);'re[[un}]- Let
X = AX + B be a matricial linear equation over regular languages. Then the smallest (for inclusion)
solution to this equation is

A*B =Y A*B = |J A*B
kEN kEN
This solution is a column-vector of regular languages. Finally if for alli,j € [1; n], e ¢ a;; then it

is the unique solution.
In general we use this theorem in the 1-dimensional case :

Corollary 2.2. If A and B are regular languages then A* B is the smallest solutionto X = AX + B
and ise ¢ A then it is the unique condition.

2.1 A minimum solution

We now fix A € Mn and B € anl with A = (ai,j)i,je[[l in] and B = (bl)zjig[[l n]’ The following
question is optional. It is just to help you to think about the problem.

Question 2. Show that A*B is a solution to the equation.

Question 3. Let X be a solution of X = AX + B. Show that A*B C X.

2.2 The smallest solution is regular

We have shown that A*B is the smallest solution to the equation, but it is for the moment just a
set. Indeed, A*B is defined as an infinite union of regular languages : none of the coordinate of A*
is an a; ; so it must not be trivial to be sure that the languages are indeed regular. We now show
that it is a vector of regular languages. For k£ € N we let
L
AFB = :
L



Question 4. What is the language LZ(-O) forie[1;n]?

uestion 5. Forany k € Nand: € | 1; n|, give a relation between the languages L(»kﬂ), the L™
Q y ;). g guages L; i
forke[1; n]andthea;;fork e [1; n].

We consider the following automaton .4;.

- -start —>

ai; = (8,Qij, 90,5, {fi;},Nij) (we identify a; ; with its automaton)
bi = (2, Qir qo,i, 1 fi}s Ai) (we identify b; with its automaton)

A; = (E, U(Qz] UQi), {q0i; 17 €l1:n]}U{qoi}, {fois g€l n]tU{fo:}, A)

with A= U(Az,] U Az) U {(f(]’i’j, £, qo,j) | 1,] € IIl ; TL]]}
Z’J
U{(fO,j,ka g, C]o,k,l) ’ j7 kal S [[1 ; n]]}
(We assume, up to renaming,that the (); ;s and ();s are disjoint. )

Question 6. Let w € [4;]. Show that w € L; := |J L™
keN



Question 7. Letw € | Lgk). Show that w € [A4;].
keN

Question 8. Conclude that the entries of A*B are regular languages.

2.3 Uniqueness of the solution

Xy
In this subsection we consider that none of the languages a; ; contains €. Let X = : be a
Xy,
x®
solution to X = AX + B. We define X*) = AkX — :
xP

Question 9. Show that if w € Xi(k) then |w| > k.
Question 10. Show that X C A*B and conclude that A* B is the unique solution to the equation.

3 Regular expression of a non-deterministic automaton in

polynomial time
Let A = (£,Q, I, F,A) be a finte state automaton with no e-transition. For ¢ € @ we let A, =
(3,Q,{q}, F, A) the automaton A such that the only initial state is g.

Question 11. Give a matricial equation of the form X = AX + B that must satisfy the vector
X = ([A4])4eq- Explain why this solution is the unique solution. (Hint : B is the vector (b,),cq
withb, = @ if ¢ ¢ Fand b, = {e} if b, € F)

Question 12. Give an algorithm to compute a solution to this matricial equation. (Hint : proceed
as you were solving it for numbers (Gauss algorithm) and use corollary [2.2)

Question 13. Apply your algorithm to the automaton we saw in tutorial :
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